The aim of this paper is to study the spectrum of the L p Laplacian and the dynamics of the L p heat semigroup on non-compact locally symmetric spaces of higher rank. Our work here generalizes previously obtained results in the setting of locally symmetric spaces of rank one to higher rank spaces. Similarly as in the rank one case, it turns out that the L p heat semigroup on M has a certain chaotic behavior if p ∈ (1, 2) whereas for p ≥ 2 such a chaotic behavior never occurs.
Introduction
The aim of this paper is to study the spectrum of the L p Laplacian ∆ M,p and the dynamics of the L p heat semigroup e −t∆ M,p : L p (M ) → L p (M ) on non-compact locally symmetric spaces M = Γ\X of higher rank with finite volume. More precisely, X is a symmetric space of non-comact type and Γ a non-uniform arithmetic subgroup of isometries. Our work here generalizes previously obtained results in the setting of locally symmetric spaces of rank one (see [18] ) to higher rank spaces. Similarly as in the rank one case, it turns out that the L p heat semigroup has a certain chaotic behavior if p ∈ (1, 2) whereas for p ≥ 2 such a chaotic behavior never occurs (see Theorem 4.6).
Let us briefly recall related previous work before we give a more detailed description of the contents of this paper.
Davies, Simon, and Taylor completely determined in [8] the L p spectrum of the Laplacian on the n-dimensional hyperbolic space X = H n and on non-compact quotients M = Γ\X of X by a geometrically finite group Γ of isometries such that M has no cusps or has finite volume. Taylor generalized some of these results to symmetric spaces X of non-compact type [32] . More precisely, he proved the following result (for a definition of ρ we refer to Section 2.2) . Theorem 1.1 (cf. [32] ). Let X denote a symmetric space of non-compact type. Then for any p ∈ [1, ∞) we have σ(∆ X,p ) = P X,p , where
Furthermore, if p > 2 every point in the interior of the parabolic region P X,p is an eigenvalue for ∆ X,p and eigenfunctions corresponding to these eigenvalues are given by spherical functions.
In the case p ≤ 2 the Helgason-Fourier-Transform F turns the Laplacian into a multiplication operator, i.e. (F∆f )(λ) = (||ρ|| 2 + λ, λ )Ff . Hence, together with the L p inversion formula by Stanton and Tomas [29] , it follows that there are no eigenvalues in the case p ≤ 2. Taylor, using similar ideas as in [8] , was also able to give an upper bound for the L p spectrum on quotients M = Γ\X: Proposition 1.2 (Proposition 3.3 in [32] ). Let M denote a non-compact locally symmetric space whose universal cover is a symmetric space of non-compact type and assume σ(∆ M,2 ) ⊂ {λ 0 , . . . , λ r } ∪ [b, ∞), where λ j , j = 0, . . . , r, are eigenvalues of finite multiplicity. Then, if vol (M ) < ∞ or if the injectivity radius of M is bounded away from 0, we have for p ∈ (1, ∞) σ(∆ M,p ) ⊂ {λ 0 , . . . , λ r } ∪ P M,p , where
Some of these results have been generalized in [17, 18, 34] to rank one locally symmetric spaces. For results concerning the L p heat dynamics on symmetric spaces of non-compact type we refer to [16] .
In this paper, after recalling some basic definitions and facts concerning L p heat semigroups and locally symmetric spaces in the next section, we study Eisenstein series E(P|ϕ, Λ) on M = Γ\X which are generalized (smooth) eigenfunctions for the L 2 Laplacian ∆ M,2 . In order to show that if p < 2 these Eisenstein series are contained in L p (M ) for certain choices of Λ (cf. Theorem 3.4 and Corollary 3.6), and hence are eigenfunctions of ∆ M,p , we first derive an upper bound for Eisenstein series (Proposition 3.1, Corollary 3.2). From these results it follows that in the case p ∈ (1, 2) there is an open subset of C consisting of eigenvalues of the L p Laplacian ∆ M,p whereas in the case p ≥ 2 the point spectrum of the L p Laplacian is discrete (Theorem 3.7). Both of these facts are a main ingredient in the proof of Theorem 4.6 which is devoted to the dynamics of the L p heat semigroup
Note that Theorem 3.7 seems to be the first result in which it is shown that some subset of C with non-empty interior (a parabolic region) is contained in the L p spectrum of the Laplacian on a locally symmetric space of higher Q-rank. Nevertheless, the exact determination of the L p spectrum of a non-compact locally symmetric space with finite volume remains open in the higher rank case (cf. Conjecture 3.9). Even for rank one spaces the L p spectrum is completely known only in certain situations, cf. [8, 18] . However, as the L p spectrum of a Riemannian product M = M 1 × M 2 equals the set theoretic sum of the L p spectra of its factors, i.e. σ(
[35], we can restric ourselves to irreducible manifolds.
Preliminaries

The heat semigroup on L p spaces
In this section we denote by M an arbitrary complete Riemannian manifold and by ∆ = −div(grad) the Laplace-Beltrami operator acting on differentiable functions of M . If we denote by ∆ M the Laplacian on L 2 (M ) with domain C ∞ c (M ) (the set of differentiable functions with compact support), this is an essentially self-adjoint operator and hence, its closure ∆ M,2 is a self-adjoint operator on the Hilbert space L 2 (M ). Since ∆ M,2 is positive, −∆ M,2 generates a bounded analytic semigroup e −t∆ M,2 on L 2 (M ). The semigroup e −t∆ M,2 is a submarkovian semigroup (i.e., e −t∆ M,2 is positive and a contraction on L ∞ (M ) for any t ≥ 0) and we therefore have the following:
. These semigroups are strongly continuous if p ∈ [1, ∞) and consistent in the sense that
(2) Furthermore, if p ∈ (1, ∞), the semigroup T p (t) is a bounded analytic semigroup with angle of analyticity
For a proof of (1) we refer to [7, Theorem 1.4.1] . For (2) see [23] . In general, the semigroup T 1 (t) needs not be analytic. However, if M has bounded geometry T 1 (t) is analytic in some sector (cf. [33, 6] ).
In the following, we denote by −∆ M,p the generator of T p (t) and by σ(∆ M,p ) the spectrum of ∆ M,p . Furthermore, we write e −t∆ M,p for the semigroup T p (t). Because of (2) from above, the L p spectrum σ(∆ M,p ) of M is contained in the sector
If we identify as usual the dual space of
, the dual operator of ∆ M,p equals ∆ M,p and therefore we always have σ(∆ M,p ) = σ(∆ M,p ). It should also be mentioned that the family ∆ M,p , p ≥ 1, is consistent, which means that the restrictions of ∆ M,p and ∆ M,q to the intersection of their domains coincide: Since it is not obvious that a differentiable L p function f that satisfies the eigenequation ∆f = µf is contained in the domain of ∆ M,p , we state this result in a lemma:
For a proof we refer to [18, Corollary 2.3 ]. An essential ingredient in this proof is a uniqueness result concerning L p solutions of the heat equation by Strichartz, cf. [30, Theorem 3.9] . As in this theorem p is required to be contained in (1, ∞), we have excluded the case p = 1 here as well.
Manifolds with finite volume
If M is Riemannian manifold with finite volume we have by Hölder's inequality
Hence, by consistency, the semigroup e −t∆ M,p can be regarded as extension of the semigroup e −t∆ M,q , p ≤ q. It also follows an analogous result for the L p Laplacians, which is stronger than Lemma 2.1 in the case of finite volume: Lemma 2.3. Let M denote a complete Riemannian manifold with finite volume. If
Proof. Let f ∈ dom(∆ M,q ). Because of Hölder's inequality and because of consistency of the L p heat semigroups, we have
Proposition 2.4. Let M denote a complete Riemannian manifold with finite volume.
In particular, for p ∈ (1, ∞), it follows that
Proof. For a proof of the first statement we refer to [34, Proposition 3.3] . The second statement follows from the first together with the fact σ(∆ M,p ) = σ(∆ M,p ),
Note that in the case of a compact manifold M , we always have σ(∆ M,p ) = σ(∆ M,2 ) whereas for non-compact manifolds this needs not be true [31] . Examples for manifolds whose spectrum depends non-trivially on p are non-compact arithmetic locally symmetric spaces, cf. Section 3.1. It is actually shown there that the L p spectrum (if p = 2) contains a subset of C with non-empty interior (see also [8, 16, 18] ).
On the one hand, this proposition states that the L p spectrum is bigger than the L 2 spectrum. On the other hand, how much bigger it is, is often difficult to say. In Conjecture 3.9 we give a precise picture of the L p spectrum of non-compact locally symmetric spaces M = Γ\X with arithmetic Γ.
Locally symmetric spaces
Let X denote always a symmetric space of non-compact type. Then G = Isom 0 (X) is a non-compact, semi-simple Lie group with trivial center that acts transitively on X and X ∼ = G/K for any maximal compact subgroup K of G. We denote the respective Lie algebras by g and k. Given a corresponding Cartan involution θ : g → g we obtain the Cartan decomposition g = k ⊕ p of g into the eigenspaces of θ. The subspace p of g can be identified with the tangent space T eK X and we assume that the Riemannian metric ·, · of X in p ∼ = T eK X coincides with the restriction of the Killing form B(Y, Z) = tr(adY • adZ), Y, Z ∈ g, to p. For any maximal abelian subspace a ⊂ p we refer to Φ(g, a) as the set of restricted roots for the pair (g, a), i.e. Φ(g, a) contains all α ∈ a * \ {0} such that
These subspaces h α = {0} are called root spaces. Once a positive Weyl chamber a + in a is chosen, we denote by Φ(g, a) + the subset of positive roots and by
half the sum of the positive roots (counted according to their multiplicity).
In what follows, we denote by Γ a non-uniform irreducible lattice in G and hence, M = Γ\X = Γ\G/K is a non-compact locally symmetric space with finite volume. From Margulis' famous arithmeticity result it follows that such a Γ is always arithmetic if rank(X) ≥ 2 ( [24, 36] ). In the rank one case however, it is known that non-arithmetic lattices exist ( [13, 24] ). Since we treated the rank one case already in [18] , we will restrict ourselves here to arithmetic lattices.
We will now recall some basic facts about the geometry and L 2 spectral theory of arithmetic locally symmetric spaces in order to fix notation. More details can be found e.g. in [14, 19, 27] .
Langlands decomposition of rational parabolic subgroups
Since G = Isom 0 (X) is a non-compact, semi-simple Lie group with trivial center, we can find a connected, semi-simple algebraic group G ⊂ GL(n, C) defined over Q such that the groups G and G(R) 0 are isomorphic as Lie groups (cf. [12, Proposition 1.14.6]). A closed subgroup P ⊂ G defined over Q is called rational parabolic subgroup if P contains a maximal, connected solvable subgroup of G. For any rational parabolic subgroup P its real locus P = P(R) admits a so-called Langlands decomposition
Here N P = N P (R) denotes the real points of the unipotent radical N P of P, A P = S P (R) 0 , where S P denotes the maximal Q-split torus in the center of the Levi quotient L P = P/N P and hence, A P is abelian, and M P are the real points of a reductive algebraic group M P defined over Q. More precisely, this means that the map
is a real analytic diffeomorphism. Note that such a Langlands decomposition depends on a choice of a maximal compact subgroup K in G (or equivalently on a base point x 0 ∈ X) and M P is not for all such choices defined over Q. However, it is known that there exists always a maximal compact subgroup K such that the algebraic group M P is defined over Q. For more details we refer the reader to the discussion in [15] .
If we denote by X P the boundary symmetric space
we obtain the rational horocyclic decomposition of X:
since the subgroup P acts transitively on the symmetric space X = G/K. More precisely, if we denote by τ : M P → X P the canonical projection, we have an analytic diffeomorphism
where x 0 ∈ X denotes a certain base point. Note that the boundary symmetric space X P is a Riemannian product of a symmetric space of non-compact type by possibly a Euclidean space.
Q-roots and reduction theory
Let us fix some proper rational parabolic subgroup P of G. We denote in the following by g, a P , and n P the Lie algebras of the real Lie groups G, A P , and N P . Associated with the pair (g, a P ) there is a system Φ(g, a P ) of so-called Q-roots and for each α ∈ Φ(g, a P ) we have a root space
These root spaces yield a decomposition
where g 0 is the Lie algebra of Z(S P (R)), the center of S P (R). Furthermore, the rational parabolic subgroup P defines an ordering of Φ(g, a P ) such that
and the root spaces g α , g β of distinct positive roots α, β ∈ Φ + (g, a P ) are orthogonal with respect to the Killing form:
We also define
and denote by Φ ++ (g, a P ) the set of simple positive roots, i.e. the set of all α ∈ Φ + (g, a P ) such that 1 2 α is not a root.
Let us now discuss reduction theories which describe the structure of fundamental sets for Γ in terms of Siegel sets associated with rational parabolic subgroups. If we define for t ∈ a P A P,t = {e
Siegel set (associated with P) is a subset of X = N P ×A P ×X P of the form U ×A P,t ×V with bounded U ⊂ N P and V ⊂ X P .
As it turns out, Siegel sets associated with minimal rational parabolic subgroups are the building blocks of a fundamental set for Γ (for a proof see e.g. [2] ): Proposition 2.5. Let P 1 , . . . , P k denote representatives of (the finitely many) Γ conjugacy classes of minimal rational parabolic subgroups. Then there are associated Siegel sets S 1 , . . . , S k such that F = k j=1 S j covers a fundamental domain for Γ and for any g ∈ G(Q) the set {γ : gF ∩ γF = ∅} is finite, i.e. F is a fundamental set.
If we take into account all rational parabolic subgroups of G, a refined (precise) reduction theory yields even a fundamental domain for Γ. As Proposition 2.5 suffices for our purposes, we only refer to e.g. [5, Proposition III.2.21] for further details.
L 2 spectral theory and Eisenstein series
One knows that the L 2 spectrum σ(∆ M,2 ) of the Laplace-Beltrami operator ∆ M,2 on a non-compact arithmetic locally symmetric space M is the union of a point spectrum and an absolutely continuous spectrum. The point spectrum consists of a (possibly infinite) sequence of eigenvalues
with finite multiplicities such that below any finite number there are only finitely many eigenvalues. The absolutely continuous spectrum equals [b, ∞) for b = min P ||ρ P || 2 where the minimum is taken over all proper rational parabolic subgroups P. In what follows, we denote by L 2 dis (M ) the subspace spanned by all eigenfunctions of ∆ M,2 and by
. Generalized eigenfunctions for the absolutely continuous part σ ac (∆ M,2 ) of the L 2 spectrum are given by Eisenstein series. Therefore, we recall several basic facts about these important functions. Our main reference here is [14] . Definition 2.6. Let f be a measurable, locally integrable function on Γ\X. The constant term f P of f along some rational parabolic subgroup P of G is defined as
where Γ P = Γ ∩ P and the measure dn is normalized such that the volume of (Γ P ∩ N P )\N P equals one. A function f on Γ\X with the property f P = 0 a.e. for all rational parabolic subgroups P = G is called cuspidal and the subspace of cuspidal functions in
dis (M ) and this inclusion is in general strict as the non-zero constant functions are not contained in L 2 cus (M ) if M is non-compact. Let P be a rational parabolic subgroup of G and Γ M P the image of Γ P = Γ ∩ P under the projection N P A P M P → M P . Then Γ M P acts discretely on the boundary symmetric space X P and the respective quotient Γ M P \X P , called boundary locally symmetric space, has finite volume. Furthermore, we denote by a * P the dual of a P and put
For any ϕ ∈ L 2 cus (Γ M P \X P ) and Λ ∈ a * P ⊗ C with Re(Λ) ∈ ρ P + a * + P we define the (cuspidal) Eisenstein series E(P|ϕ, Λ) as follows:
where µ(n P (x), e H P (x) , z P (x)) = x (cf. (3)). This series converges uniformly for x in compact subsets of X and is holomorphic in Λ (cf. [22, Lemma 4.1]). Furthermore, E(P|ϕ, Λ) can meromorphically be continued (as a function of Λ) to a * P ⊗ C (cf. [22, Chapter 7] or [14, Theorem 9] ).
By definition, the Eisenstein series are Γ invariant and hence, they define functions on M = Γ\X.
Eisenstein series are in general not contained in L 2 (Γ\X) but it is known that they satisfy an eigenequation of the Laplacian ∆ on Γ\X:
cus (Γ M P \X P ) be an eigenfunction of ∆ Γ M P \X P ,2 with respect to some eigenvalue ν. Then we have for any Λ ∈ a * P ⊗ C that is not a pole of E(P|ϕ, Λ) the following:
For a proof we refer to [15] or [18, Lemma 2.5].
3 An upper bound of Eisenstein series and the L p spectrum of the Laplacian
The estimates in this section are a precise form of the general philosophy that an automorphic form is bounded by its constant terms.
In order to state these results, we recall that two rational parabolic subgroups P 1 , P 2 ⊂ G are called associate (P 1 ∼ P 2 ) if there is some g ∈ G(Q) with Ad(g)a P 1 = a P 2 .
The set of such isomorphisms a P 1 → a P 2 is denoted by W (a P 1 , a P 2 ) and W (a P ) = W (a P , a P ). For Λ ∈ a * P 1 and w ∈ W (a P 1 , a P 2 ) we define wΛ = Λ • w −1 ∈ a * P 2 . Furthermore, for two rational parabolic subgroups P 1 ⊂ P 2 in G, and hence a P 2 ⊂ a P 1 , we extend an element Λ ∈ a * P 2 to an element in a * P 1 by defining it to be zero on the orthogonal complement (w.r.t. the Killing form) of a P 2 in a P 1 . Proposition 3.1. Denote by S a Siegel set associated with a minimal rational parabolic subgroupf P 0 of G and by P a proper rational parabolic subgroup. If ϕ ∈ L 2 cus (Γ M P \X P ), the Eisenstein series E(P|ϕ, Λ) satisfies the following upper bound for x ∈ S:
where the constant C > 0 depends only on P, ϕ, and S.
Proof. The key point is to determine the so-called cuspidal data for the Eisenstein series E(P|ϕ, Λ) along rational parabolic subgroups P . Then the result basically follows from [25, Lemma I.4.1].
We recall the definition of cuspidal data from [25] in the notations we use here: Given an automorphic form ϕ on Γ\X, for any rational parabolic subgroup P, the constant term ϕ P of ϕ along P has a cuspidal component ϕ cusp P characterized by the condition that for every cuspidal function ψ on Γ M P \X P ,
The cuspidal component ϕ cusp P (x) can be written as a finite sum of functions of the form Q(log a P (x))e (Λ+ρ P )(log a P (x)) ψ(z P (x)), where Q is a polynomial and ψ a cuspidal form on Γ M P \X P . The finite triples (Q, Λ, ψ) are called the cuspidal data of ϕ cusp P , or the cuspidal data of ϕ along P, cf. [25, p.44] . Note that in [25] representations π are used instead of characters Λ (or rather functionals in a * P ⊗ C). This is the reason for the shift by +ρ P appearing here (cf. also [21, Chapter VII.1]).
Let us now determine the cuspidal data for the Eisenstein series E(P|ϕ, Λ) along some rational parabolic subgroup P .
If P, P are not associate, the constant term E P (P|ϕ, Λ) is orthogonal to all cusp forms on Γ M P \X P , cf. [14, Lemma 39] or [28, p.86] and hence, in this case, the set of cupidal data is empty. If on the other hand P and P are associate, we have the following formula for the constant term of E(P|ϕ, Λ) along P : E P (P|ϕ, Λ : x) = w∈W (a P ,a P ) e (wΛ+ρ P )(log(a P (x)) · (c cus (P : P : w : Λ)ϕ)(z P (x)), (6) where c cus (P : P : w : Λ) denotes the intertwining operator from the space of cusp forms on Γ M P \X P to the space of cusp forms on Γ M P \X P , cf. [14, Theorem 5] or [28, p.86] . Note that in the last mentioned book a slightly different definition of the "constant term" of an automorphic form is used, see [28, p.79] for the definition used therein. Hence, for associated P, P the set of cuspidal data of E(P|ϕ, Λ) along P consists of the triples (Q = 1, wΛ, c cus (P : P : w : Λ)ϕ), w ∈ W (a P , a P ).
From [25, Lemma I.4.1] it now follows that there is some C > 0 such that for x ∈ S we have
w∈W (a P ,a P ) e (wReΛ+ρ P )(log a P 0 (x)) .
Note that in [25, Lemma I.4.1] the summation considers only standard parabolic subgroups, which are defined as rational parabolic subroups P with P ⊃ P 0 . In our situation here, the subgroups P associated with P are the only standard parabolic subgroups which lead to non-empty cuspidal data.
Recall that all minimal rational parabolic subgroups are conjugate under G(Q). Furthermore, if P is a minimal rational parabolic subgroup, the boundary locally symmetric space Γ M P \X P is compact and hence any L 2 eigenfunction ϕ on
. Therefore Proposition 3.1 simplifies in the case where P is a minimal rational parabolic subgroup:
Corollary 3.2. Let P 0 , P denote minimal rational parabolic subgroups of G, S a Siegel set associated with P 0 , and E(P|ϕ, Λ) an Eisenstein series associated with P. Then there exists a constant C > 0 such that for all x ∈ S |E(P|ϕ, Λ :
L p spectrum
Let us denote for rational parabolic subgroups P, P of G by
the interior of the convex hull of the points wρ P , w ∈ W (a P , a P ), and by C(ρ P ) = C(P|ρ P ) = int conv{wρ P : w ∈ W (a P )}. Then we have the following lemma.
Lemma 3.3. Let P denote a rational parabolic subgroup, E(P|ϕ, Λ) an associated Eisenstein series on M = Γ\X with ϕ ∈ L 2 cus (Γ M P \X P ), S a Siegel set associated with a minimal rational parabolic subgroup P 0 , and p ∈ [1, 2). If
and if Λ is not a pole, we have E(P|ϕ, Λ) ∈ L p (S).
Proof. Recall that the Riemannian measure on X with respect to the horocyclic decomposition X = N P 0 × A P 0 × X P 0 is given by dvol X = h(n P 0 , z P 0 )e −2ρ P 0 (log a P 0 ) dndzda, where h is smooth on N P 0 × X P 0 , cf. [3, Proposition 1.6] or [4, Proposition 4.3] . Therefore, we obtain for p ∈ [1, 2) with Proposition 3.1
for all a P 0 ∈ A P 0 ,t , w ∈ W (a P , a P ), and all rational parabolic subgroups P ∼ P with P ⊃ P 0 . As by definition wReΛ = ρ P = 0 on a ⊥ P (the orthogonal complement of a P in a P 0 ) and since the restriction of ρ P 0 to a P coincides with ρ P (cf. [20] ), inequality (10) is equivalent to (pwReΛ + (p − 2)ρ P )(log a P ) < 0, for all a P ∈ A P ,t = A P ∩ A P 0 ,t . This inequailty in turn is equivalent to ReΛ < 2 p − 1 wρ P on log(A P ,t ) for all w ∈ W (a P , a P ) and P ∼ P with P ⊂ P 0 . This proves the claim.
We are now prepared to prove the following result.
Theorem 3.4. Let P denote a rational parabolic subgroup of G, E(P|ϕ, Λ) an associated Eisenstein series on M = Γ\X with ϕ ∈ L 2 cus (Γ M P \X P ), P 0 a minimal rational parabolic subgroup, and p ∈ [1, 2). If
and if Λ is not a pole, we have E(P|ϕ, Λ) ∈ L p (M ).
Proof. Let P j , j = 0, . . . , k, denote representatives of Γ conjugacy classes of minimal rational parabolic subgroups. From Proposition 2.5 it follows that there are Siegel sets S j associated with P j , j = 0, . . . , k, such that the union of these Siegel sets covers a fundamental domain for Γ. From Lemma 3.
Since all minimal rational parabolic subgroups are conjugate under G(Q), the sets
Corollary 3.5. Let P denote a rational parabolic subgroup of G, E(P|ϕ, Λ) an associated Eisenstein series on M = Γ\X with ϕ ∈ L 2 cus (Γ M P \X P ), P 0 a minimal rational parabolic subgroup, and p ∈ (1, 2). If
and if Λ is not a pole, E(P|ϕ, Λ) is an eigenfunction of ∆ M,p with eigenvalue ν +||ρ P || 2 − Λ, Λ , where ν is the eigenvalue of the L 2 Laplacian on the boundary locally symmetric space Γ M P \X P for ϕ.
Proof. This follows from Lemma 2.2 and Lemma 2.7 together with the preceeding theorem.
In the case where P is a minimal rational parabolic subgroup, these results simplify significantly.
Corollary 3.6. Let P denote a minimal rational parabolic subgroup of G, E(P|ϕ, Λ) an associated Eisenstein series on M = Γ\X, and p ∈ [1, 2). If
and if Λ is not a pole, we have
where ν is the eigenvalue of the L 2 Laplacian on Γ M P \X P for ϕ.
Proof. Let P denote a minimal rational parabolic subgroup P of G. Since P and P are conjucate under G(Q), the sets C(P|ρ P ) = int conv{wρ P : w ∈ W (a P , a P )} ⊂ a * P and C(ρ P ) = int conv{wρ P : w ∈ W (a P )} coincide. Hence, the claim follows from Theorem 3.4.
This result resembles the behavior of spherical functions
on (globally) symmetric spaces X = G/K of non-compact type: If C X (ρ) denotes the convex hull of the points sρ ∈ a * , s ∈ W , where W denotes the Weyl group, for any p > 2 and any λ ∈ a * + i(1
cf. [32, Proposition 2.2] (note that the roles of p > 2 and p < 2 are interchanged).
If we define for p ∈ [1, ∞) the parabolic region
we obtain as in [32 Theorem 3.7. Let P denote a minimal rational parabolic subgroup of G.
(a) If p ∈ (1, 2), there exists a discrete set B ⊂ P M,p (ρ P ) such that all points in the interior of
Recall that two minimal rational parabolic subgroups P, P are conjugate under G(Q) and in particular, ||ρ P || = ||ρ P ||. Therefore we have P M,p (ρ P ) = P M,p (ρ P ).
Proof. Let first p ∈ (1, 2) and let E(P|ϕ, Λ) denote an Eisenstein series associated with
. Note that such a choice is always possible as -due to the minimality of P -the boundary locally symmetric space Γ M P \X P is compact and hence, L 2
all the points ||ρ P || 2 − Λ, Λ are contained in the point spectrum of ∆ M,p if Λ is not a pole and therefore there exists a discrete set B such that all points in the interior of P M,p (ρ P ) \ B are eigenvalues of ∆ M,p . Since the spectrum is a closed subset of C, we obtain P M,p (ρ P ) ⊂ σ(∆ M,p ) for p ∈ (1, 2) and by duality for p ∈ (2, ∞). In the case p = 2, we have P M,2 (ρ P ) = [||ρ P || 2 , ∞), and it is well known that this set belongs to the L 2 spectrum of M . This completes the proof of (a) and the last statement. To prove (b), assume p > 2 and ∆ M,p ψ = λψ for some ψ ∈ dom(∆ M,p ). Since vol(M ) < ∞ it follows from Lemma 2.3 that ψ is an eigenfunction of ∆ M,q with eigenvalue λ if 1 < q ≤ p. Since it is known that the point spectrum of ∆ M,2 is a discrete subset of [0, ∞), the proof is complete.
An application of Theorem 3.4 yields similarly for non-minimal rational parabolic subgroups the existence of an open subset of C that consists only of eigenvalues of ∆ M,p . However, an explicit description of this set seems to be more complicated than in the case of minimal rational parabolic subgroups.
On the other hand, an "upper bound" for the L p spectrum of M follows from a result by Taylor: Proposition 3.8. Let M = Γ\X denote a non-compact arithmetic locally symmetric space and denote by P a minimal rational parabolic subgroup. For p ∈ (1, ∞) we have
with b = inf σ ac (∆ M,2 ) = inf P =G ||ρ P || 2 > 0, and where λ 0 = 0, λ 1 , . . . , λ r are eigenvalues of ∆ M,2 with finite multiplicity.
Proof. The second inclusion follows from Taylor's Proposition 3.3 in [32] (see also Proposition 1.2 in this paper). Taking into account Theorem 3.7, it remains to show λ j ∈ σ(∆ M,p ), j = 0, . . . , r. For p ≤ 2 it follows similarly as in the proof of Theorem 3.7 that each λ j is an eigenvalue of ∆ M,p . By duality, it then follows λ j ∈ σ(∆ M,p ) for any p > 2 and the proof is complete.
If X = G/K denotes a symmetric space of non-compact type and M = Γ\X for a non-uniform arithmetic Γ, in the case where Q-rank(Γ) = rank(X), we have for any minimal rational parabolic subgroup
where A denotes the abelian subgroup in the Iwasawa decomposition G = KAN . Hence, in this situation, we can conclude ||ρ|| = ||ρ P || and therefore P M,p is a shift of P M,p (ρ P ), more precisely P M,p = (b − ||ρ P || 2 ) + P M,p (ρ P ). See We conclude this section with a conjecture about the precise form of the L p spectrum.
Conjecture 3.9 (cf. Figure 2) . Let M = Γ\X denote a non-compact locally symmetric space with arithmetic fundamental group Γ and denote by 0 = λ 0 , . . . , λ r the eigenvalues of ∆ M,2 below the absolutely continuous spectrum σ ac (∆ M,2 ). Then, for any p ∈ (1, ∞), each proper rational parabolic subgroup P defines a parabolic region P P,p tangent to the boundary of the sector
with apex at the point z(P) =
of M coincides precisely with the union of these parabolic regions P P,p and the L 2 eigenvalues λ 0 , . . . , λ r :
Furthermore, if p ∈ (1, 2), there is a discrete subset B ⊂ C such that all points in ({λ 0 , . . . , λ r } ∪ P P,p ) \ B are eigenvalues of ∆ M,p . We actually assume that, similarly as in the case of minimal rational parbolic subgroups, each non-cuspidal Eisenstein series E(P|ϕ 0 , Λ) with ϕ 0 = const. defines a parabolic region P P,p . For fixed P, it seems to be plausible that for any ϕ ∈ L 2 (Γ M P \X P ) the parabolic region defined by E(P|ϕ, Λ) should be contained in P P,p . More precisely, for any ϕ ∈ L 2 (Γ M P \X P ) the parabolic region defined by E(P|ϕ, Λ) should be a shift (by the eigenvalue corresponding to ϕ) of the parabolic region defined by E(P|ϕ 0 , Λ). In the case p = 2 each parabolic region P P,p of course needs to degenerate to a subset of R as ∆ M,2 is self-adjoint. It is very plausible that this subset is of the form [||ρ P || 2 , ∞). If Conjecture 3.9 is true, the L p spectrum (as set), for any p = 2, contains more information about M than the L 2 spectrum. For example, if the L p spectrum containes n different parabolic regions (i.e. n parabolic regions tangent to Σ p with pairwise different apex), there must be n different rational parabolic subgroups P such that ||ρ P || are pairwise different numbers. Conjecture 3.9 is known to be true for non-compact locally symmetric spaces M = Γ\X with finite volume if X is a rank one symmetric space of non-compact type [8, 18] , for Hilbert modular varieties M [18] , and by the result in [35] for any Riemannian product of these spaces.
Heat dynamics
In this section we use our results of the previous sections to show that the L p heat semigroup has a certain chaotic behavior if p ∈ (1, 2) whereas such a chaotic behavior cannot occur if p ≥ 2. Similar results have been proven in the context of globally symmetric spaces of noncompact type [16] and for rank one locally symmetric spaces (which need not neccessarily be arithmetic) in [18] .
Chaotic semigroups
There are many different definitions of chaos. We will use the following one which is basically an adaption of Devaney's definition [11] to the setting of strongly continuous semigroups (cf. [10] ). (i) There exists an f ∈ B such that its orbit {T (t)f : t ≥ 0} is dense in B, i.e. T (t) is hypercyclic.
(ii) The set of periodic points {f ∈ B : ∃t > 0 such that
Remark 4.2.
(1) As with {T (t)f : t ≥ 0} also the set {T (q)f : q ∈ Q ≥0 } is dense, B is necessarily separable.
(2) The orbit of any point T (t)f in a dense orbit {T (t)f : t ≥ 0} is again dense in B.
Hence, the set of points with a dense orbit is a dense subset of B or empty.
(3) If A is the generator of a hypercyclic semigroup, its dual operator A has empty point spectrum [10, Theorem 3.3] .
A sufficient condition for a strongly continuous semigroup to be chaotic in terms of spectral properties of its generator was given by Desch, Schappacher, and Webb: 
(ii) F (λ) ∈ ker(A − λ) for all λ ∈ Ω.
(iii) For all φ ∈ B in the dual space of B, the mapping F φ : Ω → C, λ → φ • F is analytic. Furthermore, if for some φ ∈ B we have F φ = 0 then already φ = 0 holds.
Then the semigroup T (t) is chaotic.
In [10] it was also required that the elements F (λ), λ ∈ Ω, are non-zero but as remarked in [1] this assumption is redundant.
In the theory of dynamical systems chaotic semigroups are highly unwanted because of their difficult dynamics. Not much more appreciated are so called subspace chaotic semigroups: Definition 4.4. A strongly continuous semigroup T (t) on a Banach space B is called subspace chaotic if there is a closed, T (t) invariant subspace V = {0} of B such that the restriction T (t)| V is a chaotic semigroup on V.
Because of Remark 4.2 such a subspace is always infinite dimensional.
Banasiak and Moszyński showed that a subset of the conditions in Theorem 4.3 yields a sufficient condition for subspace chaos: (ii) F (λ) ∈ ker(A − λ) for all λ ∈ Ω.
(iii) For all φ ∈ B , the mapping F φ : Ω → C, λ → φ • F is analytic.
Then the semigroup T (t) is subspace chaotic. Furthermore, the restriction of T (t) to the T (t) invariant subspace V = spanF (Ω) is chaotic.
Note that it is not required Ω ⊂ σ pt (A) here, i.e. either F (λ) is an eigenvector or F (λ) = 0. But, as explained in [1] , the assumption Ω ⊂ C is not really weaker.
L
p heat dynamics on locally symmetric spaces Theorem 4.6. Let M = Γ\X denote a non-compact locally symmetric space with arithmetic fundamental group Γ.
(a) If p ∈ (1, 2) there is a constant c p > 0 such that for any c > c p the semigroup
is subspace chaotic.
(b) For any p ≥ 2 and c ∈ R the semigroup e −t(∆ M,p −c) :
is not subspace chaotic.
1, . . . , l (l = ∞ is allowed) with eigenvectors h α k such that l k=1 h α k is convergent and t is the smallest positive number with tα k ∈ 2πiZ for all k.
We use this result in order to describe the set of periods of the semigroups e −t(∆ M,p −c) : L p (M ) → L p (M ) on a non-compact locally symmetric space M = Γ\X with arithmetic fundamental group Γ.
Let P denote a minimal rational parabolic subgroup. As the boundary of the parabolic region P M,p (ρ P ) = ||ρ P || 2 − z 2 : z ∈ C, |Rez| ≤ ||ρ P || · | 2 p − 1| ⊂ C, is parametrized by the curve
the intersection of P M,p (ρ P ) − c with the imaginary axis consists of the points in i[−r, r]
where r = r(c, p) = 2||ρ P || 1 − Proof. This follows immediately from Lemma 4.8 and Theorem 3.7.
